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EHL - Electro-hydrodynamic lubrication
SPH - Smooth particle hydrodynamics
EVOF - Eulerian volume of fluid technique
AMR - Adaptive mesh refinement technique
TCA - Tooth contact analysis
NHV - Noise, harshness and vibrations
List of Symbols
h0 - fluid film height away from the topographical feature.
B0 - The Bond number (the ratio of gravity to viscous forces)
h(x, t) - fluid film height as a function of position x and time t at the topographical feature.
g - Gravitational force vector
U(x, t) - Velocity profile
L - Length along the surface
α - Pressure angle
ρ - Fluid density
µ - Dynamic viscosity




σ - Surface tension
ε - Aspect ratio
cp - Specific heat capacity
% - Effective temperature
γ0 and γ1 - Heat transfer coefficients
κ - Thermal conductivity
%a - Temperature in the air
%s - Temperature on the surface
Γ - Stress component
Ym - Young’s stress modulus
S(x) - Surface profile
H - Total fluid height
τ - External sheer stress
ψ - Stream-wise function
Pe - Peclet Number
E - Young’s modulus
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Addendum - The height by which a gear tooth projects beyond the standard reference circle.
Backlash - The space between mating gear teeth lets the gears mesh without binding and
provides space for a lubricating oil film between the teeth. It reduces overheating and tooth
damage.
Base circle - The involute curve slightly above the root circle.
Base diameter - The diameter of the base cylinder from which the involute portion of a tooth
profile is generated.
Center distance - The distance between the tooth root and the tooth tip of mating gears is half the
total of the reference diameters between two gear teeth.
Centerline - Straight line from the center of the gear to the pitch point of the gear teeth.
Dedendum - The radial distance between the pitch circle and the root circle.
Face width - The actual dimension of a gear tooth flank.
FZG Test - Test that evaluates the fluid lubrication and wear protection properties at the interface
of a loaded set of gears.
gear tooth flank - The face of a gear tooth which comes in contact with the teeth of another gear.




The path on contact length- Distance near the root circle.
Pitch point - Tangential point between two reference circles.
Pressure angle - The angle at a pitch point between the line of pressure and the plane tangent to
the pitch surface.
Reference circle - The imaginary circle on the gear about which the gear rolls without slipping
with reference circle of another gear.
Reference diameter - The diameter of the standard reference circle.
Root circle - The imaginary circle on the gear where the gear teeth emerge.
Root diameter - The distance from the center of the gear to the root circle.
Tip diameter - The distance from the radius of the gear to the top circle.
Tooth depth - The total depth of the tooth from the root circle to the top circle.
Tooth thickness - The arc length between opposite faces of a tooth.
Top Circle - The imaginary circle which is used to measure the tooth depth.
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”To mechanical progress there is apparently no end: for as in the past so in the future, each step
in any direction will remove limits and bring in past barriers which have till then blocked the
way in other directions; and so what for the time may appear to be a visible or practical limit
will turn out to be but a bend in the road. (Opening address to the Mechanical Science Section,
Meeting of the British Association, Manchester.)” Osborne Reynolds.
Lubricants are divided into two types, liquid lubricants, and gaseous lubricants. They are used to
minimize frictional wear in mechanical systems and improve the efficiency and life span of
mechanical systems. There is a little over 10,000 different types of lubricants throughout the
world, with liquid lubrication being the most dominant and most studied type of lubricant, liquid
lubricants include but are not limited to synthetic oils and petroleum oils.
Different mechanical systems require different types of lubricants, a selection of the correct
lubricant requires a thorough study and understanding of tribology and lubrication theory.
Although mechanical systems’ frictional wear can’t be eliminated, it can be reduced
significantly by using the correct lubricants for a specified mechanical system.
Gears are one of the most vital parts of a mechanical system as they help transmit mechanical
power in mechanical systems, and proper gear configuration can be used to control the rotational
speed of mechanical systems. Micro pitting is one of the main causes of mechanical system
failure, it is defined as a significant form of corrosive wear that can occur on the teeth of
transmission gears[4], micro pitting forms on the surface of a gear tooth and causes gradual
damage, which eventually leads to mechanical failure leading to problems such including high
maintenance costs and noise pollution.
x
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This thesis focuses on the theoretical and computational aspects of thin-film fluids on a micro
pitted gear tooth’s surface. The theoretical part focuses on the study of gear systems in wind
turbines and micro pitting. The lubrication equation will be derived for different boundary
conditions for the micro pitted gear teeth. The numerical part involves using simplified versions
of the lubrication equation, analyzed in linear stability analysis.
The study of micro pitting shall help us gain even further insight into the phenomena and also
help us find ways to reduce it, thus increasing the efficiency of gear systems and reducing
maintenance costs, and also this will help us gain better insights into improving wind turbine
machines. We will treat the micro pitted surface as a topographical surface; therefore, we will
derive the lubrication equation for a topographical surfaces.
Research Objective
This study aims to numerically investigate the fourth-order non-linear differential equation,
which arises in lubrication theory, specifically in gear tribology.
The objectives of this study include:
• Deriving the lubrication equation for different scenarios in regards to gear tribology.
• Discussing the modeling of thin-fluid flows in gear tribology.
• Using finite difference methods to solve a one-dimensional lubrication equation.
• Understanding the behavior of thin films using different boundary conditions to address
different gear tribology problems.
• Addressing the various problems encountered in gear tribology using numerical
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This chapter presents the research literature review with gears types and gear design outlined in
this chapter; it also gives an overview of the processes used in gear manufacturing and the
materials used. This chapter also discusses the different problems encountered in gear systems.
The Elastohydrodynamic lubrication is also discussed with tests and apparatus used to address
the problems encountered in gear systems. The flow of thin films over topographical surfaces is




Gears are among the most important mechanical components as they transmit rotational motion
from one parallel shaft to another. The optimum scheme and efficiency of gears determine the
success of the machine. For different applications, gears are specially chosen to meet specific
requirements such as speed and strength. There are different types of gears designed for specific
requirements.
1.2 Type of Gears
Figure 1.2.1: Spur gears.
Spur gears are the most common types of gears; they have cylindrical pitch surfaces and achieve
high accuracy with relatively easy production processes. They are noisy at high speeds, making
them disadvantageous in the manufacturing of high-speed machinery. There are two types of
spur gears, internal and external spur gears, external gears rotate in different directions, whilst
internal gears rotate in the same direction.
Figure 1.2.2: Helical gears.
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1.2 Type of Gears
Helical gears are more advantageous than spur gears because they have better teeth meshing, and
they don’t produce a lot of noise at high speeds. They have multiple teeth in mesh, reducing each
tooth’s load, allowing a smoother transition of forces from one tooth to the next so that
vibrations, shock loads, and wear are minimized. They are much more expensive than spur gears
because they are designed to withstand large axial forces.
Figure 1.2.3: Gear rack.
They are made up of a spur gear and straight rod with gear teeth; by meshing with a cylindrical
gear pinion, the rod (gear rack) converts rotational motion into linear motion to create vertical
and horizontal movement.
Figure 1.2.4: Bevel gear.
Bevel gears have a cone-shaped appearance and are used to transmit force between two shafts
that intersect at one point; different types of bevel gears include straight bevel gears, helical
bevel gears, spiral bevel gears, miter gears, angular bevel gears, crown gears, zerol bevel gears,
and hypoid gears. Most bevel gears are cone-shaped.
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1.2 Type of Gears
Figure 1.2.5: Worm gears.
Worms gears are not limited to cylindrical shapes. Generally, hard material is used to
manufacture the worm gear shaft, and soft material is used for the worm gear wheel. They have
low efficiency, but they have a smooth rotational motion.
Figure 1.2.6: Internal gears.
The teeth of internal gears lie on the inside of the gear body. Thus they have to be used together
with external gears. They are used in planetary drives; they offer opposite rotational directions




Gears are manufactured based on their application; gears are made of various materials, such as
iron, non-ferrous metals, or plastic materials. The strength of gears differs depending on the type
of material used. One of the things to consider in gear manufacturing is the pressure angle.
Generally, gears are designed to have a pressure angle between 14.5° and 25°. The choice of
pressure angle is strongly dependent on the gear tooth strength [74]. Gear scuffing must also be
considered in gear manufacturing. Scuffing tests are carried out using the flesh temperature
index, and it calculates the probability of scuffing at high speeds and high load intensity [74]
The gear housing must be chosen carefully depending on the gear application; they must be rigid
enough such that all operating conditions are met, and no gear failure will occur due to poor gear
housing; the rotating elements must also be carefully chosen since they must be stronger than the
gear pinion depending on the application of the gear system.
1.4 Problems encountered in Gear Systems
1.4.1 Micro-pitting
Figure 1.4.1: Micro pitting damage on the teeth of a helical gear .(image by A. Clarke, H.P. Evans,
R.W. Snidle[4]).
Micro pitting is the serious form of erosive wear that occurs on the teeth of transmission gears; it
starts as small pits on the surface of the gear tooth then progresses further[4].
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1.4 Problems encountered in Gear Systems
It is the damage formed on the surface of gear teeth as depicted by figure1.4.1 and mainly
associated with surface fatigue and surface roughness[4].
A. Clarke[4] et al., studied the effects of micro pitting in gear tooth surfaces under realistic
assumptions of the EHL theory; their results demonstrated the effects of EHL concerning surface
roughness.
Figure 1.4.2: The formation of micro pits on teeth of a helical gear. (image by A. Clarke, H.P.
Evans, R.W. Snidle[4]).
Micro pitting results in mechanical failure and further leads to problems such as noise and
inability to transmit mechanical power, I.S.Al-Tubi[11] et al., studied micro pitting of gear teeth
by varying the torque. The goal of their study was to verify the results found by using standard
procedures and compare them to the results they found by varying the torque supply on the gear
teeth.
Micro pitting causes problems in gear design. M. F. AL-Mayali[14] et al. used a set of disks and
lubrication experiments to evaluate the evolution of micro pitting damage concerning surface
roughness the surface roughness was evaluated using numerical methods which made of the use
of the EHL simulations. Their model focused on the stress on the gear tooth under pressure based
on instantaneous surface contact pressure at each point in a mesh grid; their model agreed well
with predicting the number of cycles that gears must undergo for initial micro pitting to occur.
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1.4 Problems encountered in Gear Systems
H Qiao [10] et al., studied gear fatigue and compared the results of applying different fatigue
failure models to surfaces experiencing EHL with larger surface roughness in comparison to
smooth surface film thickness. They used transient micro-EHL analysis to generate time snaps
of stress at each material point; they applied the cumulative damage theory in their study; their
results showed that the calculated damage is greater close to the surface and that the calculated
damage increased with the sliding speed and decreased with an increase in viscosity of the
lubricant applied to the gears.
Figure 1.4.3: The severity of micro pitting on the tooth of a gear. (image by A. Miltenović, W.
Predki[5]).
A. Miltenović[5] et al., found that a large surface pressure does not lead to any sudden failure of
gear tooth, but rather it leads to the formation of small pits on the gear tooth flank; their research
was focused on iron-based material in helical gears, they were concerned with the wear
resistance of the gears and other damage types with varying speed, torque, and lubricants. Their
results showed that material characteristics like microstructure, hardness, wear load capacity,
and damage types were significantly influenced by additional treatments of the steel gears.
Dorde Miltenović[13] et. al, studied the resistance of pitting in gears made from steel, which has
undergone additional special treatment and the use of special types of lubricants. They found
that thermally treating the steel, which affects the structure of the steel, leads to a high resistance
to wear and pitting.
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1.4 Problems encountered in Gear Systems
J. Tao[15] et. al performed micro pitting tests on an FZG gear testing machine and presented
their results through numerical simulations of the results for the EHL of gear teeth using real
surface roughness data; the rheological model was adopted and was based on Ree-Eyring
non-Newtonian shear thinning; their model also included tests with constant and different
pressure-dependent Eyring shear stress parameter. Their results showed that under extreme
conditions of micro asperity pressures with varying film thicknesses, the use of experimental
data from different load stages of an FZG gear test suggested that, indeed, surface modifications
reduce pitting significantly.
gear test.jpg
Figure 1.4.4: An FZG gear test apparatus. (image by Institute of Machine Elements, Gear Re-
search Centre).
In summary, great advancements in the study of micro-pitting have been, but there is also a need
to conduct more research into this phenomenon, especially the formation of pits in gears and
how to reduce them. This research will have a significant impact on different types of machinery,
with the major interest being in wind turbines for green energy productions; it is, therefore,




Figure 1.5.1: Gear teeth lubrication inlet.(image Marc C. Keller [21]).
In EHL Analysis, we assume that the gear tooth surface is smooth, this allows us to introduce
symmetry in the derivation of the EHL equation, but in reality, this is rarely the case; there is a
need to establish to what extent can a surface be considered smooth, and the presence of surface
roughness can be ignored[18], many scholars deviate from the specified surface profile. The
consideration of surface roughness in EHL analysis tends to influence the results derived from
EHL analysis. The work of A. Clarke et. al[18], addresses the problem of deviating from the
surface analysis in gear teeth, they focused on quantifying a smooth surface behavior using
standard profile error measurements, they considered the EHL analyses of helical gears and
measured the deviation of the smooth surface from a rough surface by taking the error data from
a gear measuring machine and compared these results to those they found by using the surface
profilometer measurements.
To reduce noise in gear drives, the profile error of the surface of gears is important; thus, gear
design depends on a thorough understanding of the EHL analysis. Surface roughness is a highly
influential property in determining the success of operating a gear pair[18]. A. Clarke[18], et. al
found that the study of the surface roughness in gears makes it a time-dependent problem.
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1.5 Lubrication
Figure 1.5.2: The damage on Polymer Gears due to lack of external lubrication. (image K. D.
Dearn[19]).
Gears are used in heavy mining types of machinery and small office machinery like printing
machines, the choice of gear configuration depends on its application in the industry, the recent
work of K. D. Dearn[19], et al. focused on polymer gears(see figure 1.5.2), usually used in office
equipment and food processing types of machinery. Polymer gears are usually not lubricated
externally; this reduces the gear load and speed. At high temperatures, polymer gears tend to
wear and melt. Their work focused on applying external lubrication to polymer gears to study
the effects of friction on the gears. External lubrication acts as a coolant to gears operating under
high speeds[19]; their research included the effects of the gear tooth geometry in the overall
performance of polymer gears, the effects of the lubricant thickness on the performance of the
polymer gears was also considered. EHL theory was applied to the polymer gears, where they
modified the equations derived by Myers[1]et al.. The results showed that pitting in polymer
gears is negligible, but the gears fail due to wear and fatigue; they also found that specifying the
film thickness and operating the gears under a mixture of film conditions allowed the gears to
operate smooth.
The recent work of Tommaso Fondelli[20] et al., proved another important aspect in the study of
gears; their work focused on energy loss due to viscous forces directly connected to the
lubrication method, they analyzed the resistant torque due to the lubrication used in the system




Figure 1.5.3: The injection of external lubricant into a gear system.(Tommaso Fondelli[20]).
The application of gears in industrial machinery requires the gears to be configured in a complex
manner; this makes it hard to study the gear configurations. Thus we study gears numerically
using the EHL theory. The numerical studies conducted by Marc C[21] et al. was focused on an
analysis of a single spur gear using the smooth hydrodynamics method (SPH); they modeled the
spur gear with a 3D setup. The results were simulated using the Eulerian volume of fluid set up
(VOF) combined with the adaptive mesh refinement (AMR) technique. They demonstrated that
the SPH model was able to accurately predict oil-gear interactions when oil is injected using an
oil-jet inlet.
Figure 1.5.4: The 3D representation of the SPH Model.(Marc C[21]).
Their results were obtained by varying rotational speeds and jet velocities. They successfully
demonstrated that the SPH model has very useful in industrial applications, especially when
using conventional mesh-based CFD methods that require non-standard features like deforming
domains or multiphase flows. Additionally, SPH demonstrated its performance regarding
computational efforts, specifically at a high and moderate number of cores.
11
1.5 Lubrication
The key design in gears is efficiency, which depends on the lubricant that is used in the gear
system; tribological studies form an essential part of gear system design. Some of the most
important properties to consider in the lubricant used in gears includes, but are not limited to,
stiffness and dampness of the lubricant used because of the thermal non-Newtonian behavior
[22].
The work of Mahdi M.[22] (et al.) investigated the EHL Effects in differential hypoid gear teeth,
their model was developed with torsional degrees of freedom, and the EHL was used to make
predictions on the power loss and film thickness during a meshing cycle; they also made use of
the contact tooth analysis (TCA) to determine the teeth pair contact under the EHL regime of
lubrication. The results showed that hypoid gear designs are successful in reducing noise,
harshness, and vibrations in vehicles. C. K. Tan and D. Mba[23] investigated the relationship
between the levels of acoustic emission and frictional resistance under the EHL analysis; they
considered the surface of spur gears with asperities. They identified the sources of acoustic
emission during the meshing of gears and influential variables such as speed were considered in
their investigation, they discovered that the acoustic emissions displayed periodic wave
properties and that this was due to the gear meshing that produced the acoustic emission
transient bursts of waves.
Damage.PNG
Figure 1.5.5: The damage in gear teeth due to lack of lubrication.(Dr Robert F. Handschuh[25]).
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1.6 Thin-film flows over topographical surfaces
1.6 Thin-film flows over topographical surfaces
The design of gear systems, specifically gear teeth, can be considered and treated as
topographical surfaces; the studies conducted by L.Bertozzi[30] and many others on thin films
along topographical surfaces allow us to utilize the mathematical description of thin films along
the topographical surface and translate these equations to fit the description of gear systems.
It is worth mentioning that the study of thin films, especially along topographical surface has a
lot of application in the real world, one way in which the study of thin films is utilized is during
the process of coating, but the process of coating brings along challenges such as capillary
bumps, which can be treated as topographical surfaces, another application is the study of paint
along with drywall because the wall can never be completely smooth, the flow of the paint along
the wall is treated as a thin film flow along a topographical surface. One of the many challenges
with the study of thin films along topographical surfaces is the mathematical description of the
topographical surface. The equations that describe the topographical surface surfaces are often
complex equations that take into consideration the surface configuration like the surface slope
and surface depth; sometimes, these equations must also consider whether or not the surface is
porous or if the surface is a rough surface, or a permeable surface, sometimes a combination of
all of these properties can be incorporated into a single equation.
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2 Introduction
This chapter presents the research background with aims and methods used in this research, and
it also gives an overview of recent developments in gear tribology and the different problems
encountered in gear systems, with recent developments in trying to address these problems. The
problem statement is also mentioned with the research objective and an overall outline of the
research.
The Navier-Stokes equations will be used to solve the different problems mentioned in this
chapter. The Navier-Stokes equations form part of the Millennium Prize Problems, the full
theory regarding the equations has not been fully solved; this is called, The Navier-Stokes
existence and smoothness problem, the proof that there exists a smooth solution to the
Navier-Stokes equations, given some initial conditions, has not yet been established.
What we hope to achieve with this research is to contribute to the studies around gear tribology,
we hope that this research will help in the advancements of farming types of machinery in South
Africa and the rest of the world, we also hope that this research will have an impact in mining,
and most importantly, to have an impact in green energy production using wind turbines.
Gear Tooth.PNG




Gears are one of the most important mechanical components, and they play major roles in power
transmission from the power source to the desired location. They are widely applied in many
types of machinery, ranging from mechanical watches and office equipment like photocopy
machines to extremely large types of machinery like those used in mining and oil rigs. Gears
have stood the test of time, they have been successfully sed, dating as back as the 27th century
B.C, and they are still relevant today, with their place in the future certainly guaranteed.
There are different types of gears, with variations in size, shape, and transmission ratio, which
makes it possible to build complex gear systems that have been successfully used in aircraft,
automobiles, and many other applications.
However, like all systems, gear systems have their weaknesses, which make them highly
susceptible to damage and wear if they are not properly maintained. The failure of gears shall be
discussed on page 16.
Numerous research has been conducted on gear systems, with most scholars focusing on
improving the gear lubrication system and how to configure gears to reduce energy loss. If not
properly maintained, gears pose serious problems such as noise pollution and heat loss, and this
results in high maintenance costs. There are many materials used in gear manufacturing like
polymers, which have been successfully used in the manufacturing of office equipment to steel,
usually polymer gears require little to no lubrication [19], and steel gears require extensive use
of lubricants to reduce damage to them as they are mostly used in heavy machinery. The
selection of the materials used to manufacture gears largely depends on the operational needs,
size, configuration of the system, speed, and surface properties like heat[48].
15
2.2 Failure of Gear Systems
2.2 Failure of Gear Systems
The failure of gear systems is due to many factors, gear configuration, friction, temperature, lack
of lubrication, or using the incorrect lubricant, e.t.c. Most of the problems arise due to lack of
lubrication as lubrication plays a major role in temperature control, reducing friction,
surface-wear protection, and preventing corrosion.
Scuffing occurs when the lubricant used in the gear system is significantly less than the gear
surface roughness[49]; this causes direct interaction of the gear surfaces at the pitch points,
which leads to gear system failure in the long run. It contributes to noise polluting and gear wear.
Gear chipping is generally caused by a foreign object that enters the gear system, or poor
configuration of the gear system leads to the chipping of the gear components[49]; chipping
usually occurs at addendum; this can be avoided by configuring the gear system in an enclosed
environment to prevent foreign particles from entering the gear system.
Gear wear is defined as the phenomena whereby metal is removed from the gear tooth; this is
usually caused by friction, this significantly reduces the tooth thickness[49], this changes the
shape of the gear tooth and reduces the tooth depth. Gear wear can be reduced by using the
correct lubricant in gear systems.
Gear pitting is usually divided into two groups, micro-pitting and macro-pitting. Micro-pitting
occurs at the tooth surface at the pitch pint; it occurs when there is scuffing; this forms small
holes in the tooth surface, leading to macro-pitting where the small holes from micro-pitting




There have been great advancements in the study of gear tribology, with most scholars focusing
on finding ways to reduce the damage caused by gear wear and fatigue; many proposals have
been derived on how to improve gear life, from chemists studying the chemical composition of
chemicals in lubricants to physicists studying the surface configuration on the teeth of gears. The
modeling of thin fluid flows results in fourth-order nonlinear differential equations in which
external forces dominate the fluid flow. The lubrication equation is derived from The
Navier-Stokes equations, which describe the flow of fluids; these equations have been
successfully used to model many physical situations involving the flow of fluids, like coating.
There has been a great shift during the beginning of the 21st century for ways to produce energy
that causes less damage to the environment; the use of gears has been successfully implemented
as a solution to this problem, from the use of wind turbines to the use of hydroelectric power.
The use of gears poses problems, from micro-pitting to scuffing.
In this work, we shall focus on implementing numerical techniques to understand and solve the
underlying problems involved in gear tribology; we shall discretize the fourth-order equations
which arises in the derivation of the lubrication equation in a finite uniform grid and implement
the solution using a computer algebra system, we shall also look at how can we make
improvements gear configurations based on the findings of our numerical solutions by making
small adjustments in the gear properties and simulating the results again to see if the underlying
problems are successfully solved or not. The gear surface shall be treated as a topological
surface, and all equations derived shall be for this assumption.
We expect to numerically find results that shall suggest ways to improve gear tribology and find
new ways to configure gears for a smooth gear operation, and to reduce the costs which are
associated with gear failure in machinery.
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3 Problem Formulation
This chapter presents the research problem formulation, aims, and methods used in this
research. It also gives an overview of recent developments in gear tribology and the different
problems encountered in gear systems, with recent developments in trying to address these
problems. The problem statement is also mentioned with the research objective and an overall




The friction which is generated in gear systems leads to an increase in temperature, which
decreases the viscosity of the gear lubricant; as a consequence, this causes scuffing to occur in
the gear teeth at the pitch points. The gear tooth at the pitch point where scuffing occurs exhibits
a parabolic shape on its surface. The lubrication theory will be used to investigate the flow of a
thin film on a slope with a topographical surface. The starting point for modeling the flow of thin
films is the Navier-Stokes equations. The lubrication or reduced Reynolds number
approximation to the Navier-Stokes equations will be used to describe a multitude of situations,
the first one being scuffing. This section focuses on the flow of a thin film fluid on a
topographical surface that is on an inclined slope, the methods developed here can be further
expanded for level surface and vertical surfaces, which are very important in various industrial
applications.
Figure 3.1.1: Gear tooth scuffing which exhibits a parbolic shape on its surface.
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3.1 Scuffing
Figure 3.1.2: Sketch of flow over a topographical stepdown on a slope inclined at angle θ . The
fluid flows from left to right with a characteristic velocity U and thickness h0 away from the
topographical feature. This topographical step-down has the profile S(x) = x2 . The orthogonal
coordinate system xy has its origin on the turning point of the parabolic step-down.
We shall derive the Lubrication film approximation for the problem depicted in figure 13, where
the thin film fluid is an incompressible Newtonian fluid with a constant density ρ, dynamic
viscosity µ and kinematic viscosity ν = ρµ . The velocity vector is given by U(x, y, t) = (u, v)
and the pressure is denoted by P (x, y, t), and the thin film surface is given by the variable
y = h(x, t) in Cartesian coordinate system. The gravity vector is given by
g = (ρg sin θ, ρg cos θ).
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+ µ∇2v + ρg cos θ. (3)
3.1.2 Non-dimensionalization of The Navier-Stokes equation
To non-dimensionalize the Continuity and Navier-Stokes equations we shall choose the
following scales : ũ = uU , ṽ =
v
Uε , x̃ =
x
L , ỹ =
y
Lε , t̃ = t
U
L , P̃ =
PLε2
Uµ and ε =
h0
L  1 is the
aspect ratio.




















































+ g cos θ. (5)
From equation 4. We multiply through out by L
2ε2ρ

























From equation 5. We multiply through out by L
2ε3ρ



























From the above equations we denote R = ULρµ  1 and B0 =
L2ε2ρg
Uµ , R is the famous Reynolds
Number and B0 is the Bond number, which is the ratio of gravity to viscous forces.








































+ εB0 cos θ, (9)






+B0 sin θ, (10)
0 = −∂p̃
∂ỹ
+ εB0 cos θ, (11)
respectively. This leads to the thin film approximation equations being,
0 = −px + uyy +B0 sin θ, (12)
0 = −py + εB0 cos θ. (13)
We then obtain the following equations which, together with the boundary conditions, shall be
manipulated to obtain the governing equation for the lubrication equation,px = uyy +B0 sin θ,py = εB0 cos θ. (14)
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For simplification purposes, we shall denote a = B0 sin θ and b = εB0 cos θ, thus equation 14
becomes, px = uyy + a,py = b. (15)
3.1.3 The Boundary Conditions
The boundary conditions imposed on this problem is the no slip condition and the free surface
boundary conditions. The no slip condition : on the surface y = s(x),u = 0,v = 0. (16)
The free-surface boundary conditions: on the surface y = H(x, t), where
H(x, t) = h(x, t) + s(x) is the total surface height,




The equations 17 represent the kinematic conditions with the pressure condition being the
Laplace-Young equation representing the fact that surface tension is proportional to surface
curvature[47].
3.1.4 The Governing Equation









∴ ux = −vy. (19)











where K1 is the constant of integration,
p = by +K1, (22)
from equation 17, at y = H , p = −Hxx,
∴ −Hxx = by +K1, (23)
⇒ K1 = −Hxx − bH, (24)
∴ p = b(y −H)−Hxx, (25)
from equation 15 , px = uyy + a,
∴ uyy = px − a, (26)
we integrate equation 26 with respect to y to obtain the following equation,
uy = pxy − ay +K2, (27)
where K2 is the constant of integration.
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From equation 17, at y = H , uy = 0,
∴ K2 = aH − pxH (28)
∴ uy = pxy − ay + aH − pxH, , (29)
⇒ uy = px(y −H) + a(H − y), (30)














where K3 is the constant of integration,
from equation 16, at y = s, u = 0,











































the governing equation given by Ht +Qx = 0, where Q =
∫ H
s udy is the total flux, we compute




h3 (a− px) , (35)





















since p = b(y −H)−Hxx,
∴ px = −bHx −Hxxx, (38)


















h3 [B0 sin θ + εB0 cos θ(hx + sx) + hxxx + sxxx]
}
= 0, (40)











The gear teeth are one of the most important parts of the gear system as they play a very critical
role in power transfer in a mechanical system; depending on the gear tooth design, the whole
gear system can either be highly efficient in the transmission of torque from one place to another
or it can be inefficient and susceptible to mechanical failure and frictional wear.
In this section, we shall focus on the design of gear teeth and the gear teeth’ configuration to
transfer torque. We shall look, in particular, at a circular gear tooth design, where the whole gear
tooth design is modeled by a function that will have no edges, like the sinusoidal function. This




The lubrication theory will be used to investigate the flow of a thin film along the surface of such
gear teeth. Our starting point will be the Navier-Stokes equations. The lubrication or reduced
Reynolds number approximation to the Navier-Stokes equations will be derived here.
Figure 3.2.1: Circular gear tooth design.
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3.2 Gear-tooth Design
Figure 3.2.2: depicts the common gear tooth design used in many machineries.
Figure 3.2.3: depicts the proposed gear tooth design which is a takes on the sinusoidal function.
The goal of this chapter is to derive the governing equations for the two surfaces under the same
assumptions and the same boundary conditions to depict the difference in the gear tooth design
and which one is less susceptible to mechanical damage.
Figure 3.2.4: depicts the surface tension for a droplet of fluid on the surface of figure 3.2.2.
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3.2 Gear-tooth Design
Figure 3.2.5: depicts the flow of a fluid along the gear surface in figure 3.2.2 which is a to-
pographical step-down on a slope inclined at angle φ . The fluid flows from left to right with
characteristic velocity U and thickness h0 away from the topographical feature. This topographi-










where D is the feature depth and δ is
the wall steepness. The orthogonal coordinate system xy has its origin on the stepdown.
We shall derive the Lubrication film approximation for the problem depicted in figure 3.2.5 and
figure 3.2.2, where the thin film fluid is an incompressible Newtonian fluid with a constant
density ρ, dynamic viscosity µ and kinematic viscocity ν = ρµ . The velocity vector is given by
U(x, y, t) = (u, v) and the pressure is denoted by P (x, y, t), the constant surface tension is
denoted by σ and the thin film surface is given by the variable y = h(x, t) in Cartesian
coordinate system. The gravity vector is given by g = (ρg sinφ, ρg cosφ).
Generally, the introduction of surface tension in the lubrication theory leads to a fourth-order

















3.2.1 Non-dimensionalization of The Navier-Stokes equations
We shall non-dimensionalize the continuity equation and the Navier-Stokes equations using the
same procedure described in section 3.1.2. The introduction of surface tension leads to the
consideration of the van der Waals forces [1], given by ϑ = ϑ0 + ηH3 where η is the Hamaker
constant given by η = η
′
6πεL2µU , thus we obtain the following leading terms of the Navier-Stokes
equations, (p+ ϑ)x = uyy +B0 sinφ,(p+ ϑ)y = −εB0 cosφ. (43)
3.2.2 The Boundary Conditions
The boundary conditions imposed on this problem is the no slip condition and the free surface
boundary conditions. The no slip condition : on the surface y = S(x),u = 0,v = 0. (44)
The free-surface boundary conditions: on the surface y = S(x) + h(x, t) = H(x, t),




The equations 45 represent the kinematic conditions with the pressure condition being the
Laplace-Young equation representing the fact that surface tension is proportional to surface
curvature[47] and the shear stress balances surface tension gradient[1].
From [1], we assume that surface tension takes on the form σ = σ0 + ∆σσ1(x) and the
Marangoni number M = ε∆σµU .
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3.2.3 The Governing Equation
The governing equation shall be derived in this mini section. From the continuity equation.
From equation 43,
(p+ ϑ)y = −εB0 cosφ. (46)
We integrate both sides with respect to y to obtain the following equation,
p+ ϑ = −yεB0 cosφ+K1, (47)
where K1 is the constant of integration, we make use of the boundary conditions in equations 67
to obtain the following value for K1,
K1 = −Hxx + ϑ+ εB0 cosφH, (48)
⇒ p+ ϑ = −yεB0 cosφ+−Hxx + ϑ+ εB0 cosφH, (49)
∴ p = εB0 cosφ (H − y)−Hxx, (50)
from equation 43,
px + ϑx = uyy +B0 sinφ, (51)
⇒ uyy = px + ϑx −B0 sinφ, (52)
we integrate both sides to obtain the following equation,
uy = pxy + ϑxy −B0 sinφy +K2, (53)
where K2 is the constant of integration, using the boundary conditions at 45,we obtain the
following value for K2 ,
K2 = Mσx − pxH − ϑxH +B sinφH, (54)
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substituting the value of K2 into equation 53, we obtain the following equation,
uy = (y −H) [px + ϑx −B sinφ] +Mσx, (55)







[px + ϑx −B sinφ] +Mσxy +K3, (56)




















[px + ϑx −B sinφ] ,
(58)









[px + ϑx −B sinφ] +Mσx(y − s), (59)





From Myers[1], we can obtain the governing equation as,
Ht +Qx = 0, (61)
where Q =
∫ H
s udy is the fluid flux.
In order to obtain Q, we can further simplify u by substituting in H = h+ s. Let us first denote


























Z +Mσx(y − s)
)
dy, (63)












































































Notice that for s = 0, our equation is the same as that obtained by Myers[1].
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3.3 Surface independent fluid flows
Figure 3.3.1: depicts the flow of a fluid along the gear surface in figure 3.2.5 on a slope inclined
at angle ω . The fluid flows from left to right with characteristic velocity U, with the orthogonal
coordinate system xy being adapted for this problem.




















For a pressure-driven flow, equation 37 will be our governing equation provided we know some
form of the film thickness equation, the numerical technique to solve 37 will be highlighted here
with an (m+1)(n+1) grid and a discretization procedure will also be highlighted.
grid.PNG



















































this can be written in general form as,
























∴ pi,j = a0 + a1pi+1,j + a2pi−1,j. (76)
4.2 Steady State Solution
On this mini section, we shall consider the steady-state solution of equation 41. The steady-state





4.2 Steady State Solution
and imposing the boundary conditions,
h (x→ ±∞) = 1. (78)
These conditions have been successfully used by Serafim Kalliadasis [46]. et.al.







h3 (hxxx + sxxx +B0 sin θ)
}
= 0, (79)
thus integrating with respect to x and fixing the integration constant by demanding that,




h3 (hxxx + sxxx +B0 sin θ) = 1, (81)
we can solve for hxxx and obtain the following equation,




To obtain a complete solution of 82, we shall resort to numerical techniques, we shall highlight a
finite-based computational technique that can be used to solve 47, the underlying method is the
method which was proposed by Bengt Fernberg[56], but our derivation of the finite-based
technique shall follow the modified method which was proposed by Bertil Gustafsson[72].
The accuracy of the method used is beyond the scope of this text, and we shall not check the
accuracy of the finite scheme; rather, we shall regard the scheme as accurate, and we shall use a
second-order approximation to the finite scheme.
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4.2 Steady State Solution
4.2.1 Numerical Methods
To discretize equation 82, we shall use the numerical scheme proposed by Bertil Gustafsson[72],
From equation 82,













where m is the order of accuracy, n is the order of the derivative, z is the grid spacing and ϕ(n)v
are the coefficients to be determined.




















0 hi + ϕ
(3)





The coefficients ϕ(n)v are determined to be,
ϕ
(3)
















Thus equation 86 becomes,
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π (δ2 + x2i )
3 , (91)
















4.2 Steady State Solution







+ hi−2 − 2hi+1 + 2hi−1, (93)
for an interval [a,b], 
h(a) = h(b) = 1,
hx(a) = hx(b) = 1,
hxx(a) = hxx(b) = 0,
(94)
at x = a = 0,

h0 = 1,











We can perform index shifting on equation 93, and equation 95, to make our equations much
more easier to understand, we shift the indices by 2,







+ hi−4 − 2hi−1 + 2hi−3, (96)
at x = a = 0,

h−2 = 1,












4.2 Steady State Solution
4.2.2 Convergence of the Numerical Scheme
We shall consider the convergence of the numerical solution, to show that equation 96 is the
convergent numerical solution to equation 83, we must estimate the maximum error for a
correctly chosen step height ∆x.
Let us consider the error term for hxxx from Taylor series expansion, let us denote h(xi) as the















24 is the error term.
Thus we can write equation 83 in two forms, one form being the exact solution, the other form



















































− 3−B0 sin θ
h3i
.
























(ei+2 − ei−2) + ei+1 − ei−1)
)






max16i6n | ei |= max16i6n | h(xi)− hi |, (103)
from equation 102,











(ei+2 − ei−2) + ei+1 − ei−1)
)
, (104)










(ei+2 − ei−2) + ei+1 − ei−1)
)
|, (105)










(ei+2 − ei−2) + ei+1 − ei−1)
)
|, (106)
Let us denote | (B0 sin θ−3)
eihi+h2i
| as Oi, from the triangle inequality,
Oi | ei |6|
∆x2h(5)($)
24




(ei+2 − ei−2) | + | ei+1 − ei−1 |, (107)
∴ Oi | ei |6|
∆x2h(5)($)
24




(ei − ei) | + | ei − ei |, (108)





∆x2 | h(5)($) |
24Oi
. (110)
This is just the largest error over the interval 1 6 i 6 n. If this error converges to zero without




In order for us to understand the perturbations that occur in a laminar flow, we will consider
small disturbances that occur, we want to establish if these small perturbations grow or decay
with time, if they decay with time, the flow is stable, otherwise the flow is unstable.
























the perturbations of u, can be obtained by considering a small travelling wave in the form,
u = u0(y)e
iq(x−ct), (112)
where c is the wave-speed and q is the wave number q = 2πl where l is the wavelength, the wave
decays for qc < 0.
,From the stream-wise functions s, we can derive the component velocities of u as,
u = ∂s∂y , w = −
∂s
∂x
let us set a stream-wise function as,
s = s0(y)e
iq(x−ct), (113)
this is a small disturbance where s0 is the amplitude of the small disturbance, and q is the


































which can be solved with,
s0(−1) = s′0(−1) = s0(1) = s′0(1) = 0. (117)





















this is a degenerate, 4th order non-linear parabolic equation(highest derivative tends to zero as
the fluid height tends to zero)[1].
The stability analysis to the generalized lubrication equation , we can consider a solution of the
form,
h(x, t) = h0 + h1(t)e
iqx, (120)
substituting this equation into the generalized equation, we obtain the following equation which
decays with time h1 = e−q
4hn0 t, hence the fluid is stable, the stability depend strongly on the wave
number[1].
4.4 Travelling Waves
It is worth mentioning that the Reynold equation is strongly nonlinear, we can simplify the
equation by considering that the precursor film thickness 1, this is strongly expressed by the
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boundary conditions, the idea is that at the far front and the far back of the fluid the film
thickness remains fixed. A problem arises when we consider a moving fixed volume of fluid; the
fluid moves with time and fluid instabilities occur before fluid thinning occurs; a good
approximation may be to consider that at x = 0 and Lx, the film thickness h is fixed, this leads to
traveling waves solution for h(x, t) .
Define,
h(ξ) = h(x, t), (121)
where ξ = x− Ut, where U is the wave speed. We can substitute equation 98 into equation 41,
where ∂h∂t = −U
∂h



















(hξξξ + Sxxx +B0 sin θ
)
= d, (123)
where d is the constant of integration, we can think of this equation as a description of the fluid
in a moving reference frame with a velocity profile U; here, the fluid does not change with time.
It is worth mentioning that this is not a complete description of instability problems; rather, it’s a
good starting point.
4.4.1 Temperature influence
It is worth our time to include the effects of temperature on our model. This makes our model
more realistic, which allows an evolving thin film due to the temperature change. This is
supported by the fact that when gears are in contact, friction is generated, which increases the
temperature of the gear system.
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For simplification purposes, we assume that the temperature is governed by a convective heat
equation and that at the surface, the heat is lost by conduction and travels through the air by
radiation; also, the consideration of temperature as part of the system implies that the viscosity µ
will have to be a function of the temperature since the temperature of fluid has a significant
influence on its viscosity.
Let %(x, t) be the effective temperature; thus µ(%(x, t)) is the temperature influenced viscosity,
We shall adopt a temperature model as proposed by John Abbott[75], the temperature model
ρcp (%t + u%x + w%y) = κ (%xx + %yy) , (124)
at y = 0,
%y = γ0 (%− %s) , (125)
at y = h,

















, % = %s%a




0h (%t + ū%x)
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µκ which is the Peclet number, the ratio of heat transferred by the
motion to the heat transferred by thermal conduction,
∴ Peh (%t + ū%x) = (h%x)x − γ
∗


















This is equation governs how to fluid height changes temperature changes, this modelling is very
good for modelling hot surfaces, as in the case with gear systems.
We can also consider the fact that surface tension is also influenced by temperature, for the sake
of simplicity, we can assume that surface tension decreases linearly with an increase in
temperature.
4.4.2 Surface bending and stiffness
The material used to manufacture gears has a huge influence on the response of the gear under
stress and pressure, it is a common phenomenon for steel materials to bend under a lot of stress
and pressure, this is no exception for steel manufactured gears, the modelling of bending and


















where ε = hL .
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4.4.3 Moving contact lines
Figure 4.4.1: Schematic representation of the different interface interactions.
Moving contact lines refers to the motion of a fluid on a surface where the front of the fluid
makes advancing contact with the solid surface. The study of moving contact lines is of great
importance, and this is supported by the study of traveling waves as they form during the motion
of the fluid along a surface. The difficulty with the study of moving contact lines arises from the
boundary conditions, specifically the no-slip condition. From the no-slip condition, it is a
requirement for the tangential velocity at the fluid and surface contact to be zero, this means that
at the surface, the fluid is not moving, but the rest of the fluid body is moving along the surface;
thus the velocity at the air-fluid interface is not zero.
The question then is, how do we tackle the problem of moving contact lines where we try to
describe the motion of the fluid mathematically, one method as proposed by L.Bertozzi [30], we
can consider a solution by weakening the no-slip condition by considering a slip condition that is
only effective at small scales, this allows us to introduce a slip condition that is dependent on the
fluid height h, this is achieved by demanding that the tangential velocity at the fluid-surface







where Θ(h) is the proportionality constant which is the slip parameter, which depends on the
fluid height.
As h→ 0 the slip condition allows us to deal with the modelling of moving contact lines,
observe that at Θ = 0 we obtain the normal boundary no-slip condition. It is worth mentioning
that another method which can be used to describe moving contact lines may be to consider the
effects of long-range intermolecular van der Waals forces between liquid and solid interface.
4.5 Numerical Results
The solutions to the governing equations will be simulated in this section.
The fluid height for different values near the topographical step-down increases with increasing
step down depth-values for a constant step-down slope.
Figure 4.5.1: The variations in the fluid height close to the surface topography.
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Figure 4.5.2: Numerical solutions to equation 79 [29].
Figure 4.5.3: Height variation with changing depth D.
The numerical simulation of the steady-state solution (equation 79) shows how the fluid height is










A generalization where external sheer stress τ is considered can be achieved by setting the
velocity profile to be U = τh2µ . The height of the fluid near the topographical step-down is
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4.5 Numerical Results
determined by the height D and wall steepness δ and the non-dimensionalization constant ε = h0L
Gravity dominated fluid flows can be modelled by setting u = δ
2ρgL2
3µ , as proposed by J.M








the stream-wise function ψ being derived from u = ∂ψ∂y , the stream-wise function allows us to
derive the vertical component of velocity from the equation v = −∂ψ∂y .
Figure 4.5.3 highlights the fact that near the surface, as surface depth increases, we expect the
fluid height to rise, this may not be ideal in gear designs as we want the fluid to lie along the gear
tooth and not to rise as this causes an exposure in the gear tooth surface making it susceptible to
frictional wear, leading to scuffing and tooth breakage.
Figure 4.5.4: The growth in oscillatory disturbances due to poor boundary conditions.
The choice of boundary and initial conditions must be carefully chosen, a poor choice in either
the boundary conditions or the initial conditions causes the governing equation to quickly
”misbehave” as demonstrated by figure 31, The suitable boundary conditions should satisfy
h(a) = h(b) ≤ 1. For h(a) = h(b) > 1 the numeric solution quickly becomes periodic and
become a bit more involved to simulate the numerical solution, but for h(a) = h(b) ≤ 1, we get
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a much more stable solution, the choice of boundary conditions also has an influence on the
pertubations of the solution.
Figure 4.5.5: Pertubations of the numerical solutions [29]
5 Discussion
In this paper, we considered the problem of fluid flowing on a topographical surface; this was
then applied to gear tribology. The lubrication approximation or Reynold equation was derived,
and a finite difference scheme was applied.
It is worth mentioning that since the mathematical models are nonlinear 4th order partial
differential equations which are solved with the finite difference techniques, there is a great
difficulty in implementing finite difference methods, this is due to the nature of the governing
equations, as mentioned the governing equations are 4th order nonlinear PDE’s, it is rather
suggested that the same problem be approached using finite volume methods.
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Alternatively, a much simpler approach may be to consider using multiphysics computer
programs like COMSOL or ANSYS; this offers the advantage to easily manipulate the variables
in the governing equations and the easy implementation of the Navier-Stokes equations and
Reynold equation. However, I must mention that most multiphysics packages are not open
source and may require some funding to obtain the full packages.
The importance of thin-film equations cannot be stressed enough; thin films are of great
importance in manufacturing, physics, and chemistry. In tribology, numerical computations have
made the computations of the governing equations highly successful; this has lead to a great
improvement in the understanding and formulation of new and improved products. We hope that
this paper itself will be of great assistance in the improvements of gear tribology and all related
fields, including coating, electronics, and optics.
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